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Abstract. Wc prove that norm continuous derivations from a von Neumann 
algebra into the algebra of operators affiliated with its tensor square are au- 
tomatically continuous for the strong operator topology as well. From this we 
derive previously known computational results regarding the first continuous 
I/^-Betti number for von Neumann algebras, and furthermore prove that it 
vanishes whenever the von Neumann algebra in question is a property (T) 
factor. 



1. Introduction 

The theory of i^-Betti numbers has been generahzed to a vast number of differ- 
ent contexts since the seminal work of Atiyah jAti76] . One recent such generahza- 
tion is due to Connes and Shlyakhtenko |CS05| who introduced L^-Betti numbers 
for subalgebras in finite von Neumann algebras, with the main purpose being to 
obtain a suitable notion of i^-Betti numbers for arbitrary Ili-factors. Although 
their definitions are very natural and generalize nicely classical results from group 
theory, it has proven to be quite difficult to perform concrete calculations. The 
most advanced computational result so far is due to Thom |Tho08| who proved 
that the L^-Betti numbers vanish for von Neumann algebras with diffuse center. 
Notably, the problem of computing a positive degree i^-Betti number for a single 
Ill-factor has been open since the birth of the theory! Due to this evident draw- 
back, Thom |Tho08| introduced a continuous version of the first L^-Betti number, 
which turns out to be much more manageable than its algebraic counterpart. The 
first continuous L^-Betti number is defined as the von Neumann dimension of the 
first continuous Hochschild cohomology of the von Neumann algebra M with values 
in the algebra of operators affiliated with M^M°p. The word "continuous" here 
means that we restrict attention to those derivations that are continuous from the 
norm topology on M to the measure topology on the affiliated operators. 

In this paper we continue the study of Thom's continuous version of the first 
L^-Betti numbers and our first result shows that norm continuous derivations are 
automatically continuous for the strong operator topology as well. This allows 
us to derive all previously known vanishing results concerning the first continuous 
L^-Betti number, and furthermore to prove that it vanishes for IIi factors with 
property (T). Lastly, we give a short new cohomological proof of the well-known 
fact that the ("non-continuous") first L^-Betti number vanishes for von Neumann 
algebras with diffuse center. 
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2. Preliminaries 

In this section wc briefly recapitulate the theory of non-commutative integration 
and the theory of i^-Betti numbers for von Neumann algebras. 

2.1. Non-commutative integration. Let us recall some facts from the theory 
of non-commutative integration, cf. [Nel74| . |Tak031 IX. 2]. Let TV be a finite von 
Neumann algebra equipped with a normal, faithful, tracial state r. Consider N in 
its representation on the GNS-space arising from r, and let ^ be the algebra of 
(potentially) unbounded, closed, densely defined operators affiliated with A^. We 
equip ^ with the measure topology, defined by the following two-parameter family 
of neighbourhoods of zero: 

N{s, 5) = {a e \ 3p e Proj(iV) : ||ap|j < e, r(p-L) < ,5}, e, <5 > 0. 

With this topology, ^ is a complete metrizable topological vector space and the 
multiplication map 

(a, 6) M- a6: ^ X — > ^ 
is uniformly continuous when restricted to products of bounded subsets |Nel74[ 
Theorem 1]. Convergence with respect to the measure topology is also referred to 
as convergence in measure. We also introduce the notation 

iV(0, S) ^ {a e ^ \ 3p e Proj(A^) : ap = 0, r(p^) < d}. 

and 

iV(e,0) = {a e iV| ||a|| <e}c^. 
Notice that A^(0, S) and N{e, 0) are not zero neighbourhoods in the measure topol- 
ogy, but merely Gs setsQ. However, the following additive and multiplicative prop- 
erties continue to hold for all 81,62,61,62 ^ 0, cf. |Nel74[ Theorem 1]: 

(2.1) N{ei,6i) + N{e2,62) C N{ei +62,61+ 62), 

(2.2) N{ex,6i) ■ N{e2, 62) C N{eie2, 61 + 62). 

The noncommutative i^-spaces LP{N,t) are naturally identified with subspaces 
of ^ |Tak03[ Theorem IX. 2. 13]. We fix the notation for strong convergence 

of elements in von Neumann algebras, for the L^-convergence and ^ for the 
convergence in measure of elements in Clearly strong convergence implies 

convergence in 2-norm, and we remind the reader that for nets that are bounded 
in the operator norm the converse true — a fact we will use extensively in the 
sequel. As in the commutative case, the Chebyshev inequality is used to establish 
the following fact. 

Lemma 2.1 (' |Nel74[ Theorem 5]). For any p ^ 1 the inclusion LP{N,t) C ^ is 
continuous; i.e. -convergence implies convergence in measure. 

2.2. L^-Betti numbers for tracial algebras. In |CS05| Connes and Shlyakh- 
tenko introduced L^-Betti numbers in the general setting of tracial ^-algebras; if M 
is a finite von Neumann algebra and yi C M is any weakly dense unital ^-subalgebra 
its L^-Betti numbers are defined as 

{A, t) = dim^^Mop Tor^®^" (M®M°p, A). 

Here the dimension function dim^j^^^op (— ) is the extended von Neumann di- 
mension due to Liick; we refer the reader to the monograph |Luc02j for an ex- 
tensive treatment of this notion. This definition is inspired by the well-known 
correspondence between representations of groups and bimodules over finite von 
Neumann algebras, and it extends the classical theory by means of the formula 



But N{0, S) is a zero-neighbourhood in the so-called rank metric. 
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4^)(r) = /3^^^(Cr,T) whenever T is a discrete, countable group. In jThoOSj it is 
shown that the L^-Betti numbers also allow the following cohomological description: 

(yi, r) = dim^^Mop Ext^0^(yi, 

where ^ denotes the algebra of operators affiliated with M(E)M°p. It is a classical 
fact |Lod98[ 1.5.8] that the Ext- groups above are isomorphic to the Hochschild 
cohomology groups of A with coefficients in , where the latter is considered as 
an ^-bimodule with respect to the actions 

a • C (a ® 1)C and ^-b (1 ® 6°p)^ for a,b e A a.nd ^ e . 

In particular the first L^-Bctti number can be computed as the dimension of the 
right M0M°P-modulc 

^ ' Imi(yi,'^2<) 

Here Der(yi, denotes the space of derivations from A to ^ and Inn(A, 
denotes the space of inner derivations. We recall that a linear map 5 from A into 
an ^-bimodulc X is called a derivation if it satisfies 

S{ab) = a ■ S{b) + S{a) ■ b for all a,b £ A, 

and that a derivation is called inner if there exists a vector ^ G X such that 

6{a) = a • ^ — ^ • a for all a e yi. 

When the bimodule in question is ^ with the above defined bimodule structure, 
the derivation property amounts to the following: 

S{ab) = (a ® l°P)(5(fe) + (1 ® b°P)S{a) for aU a,b e A. 

Although the extended von Neumann dimension is generally not faithful, enlarging 
the coefficients from M®M°p to ^ has the effect that /3f ^(^1, r) = ff and only if 
'%) vanishes |Tho08[ Corollary 3.3 and Theorem 3.5]. In particular, in order 
to prove that Pi\ (A, ^) = one has to prove that every derivation from A into 
^ is inner. 

These purely algebraically defined L^-Betti numbers have turned out extremely 
difficult to compute. Actually, the only computational result known (disregarding 
finite dimensional algebras) is that the they vanish for von Neumann algebras with 
diffuse center (see jCS05[ Corohary 3.5] and jTho08[ Theorem 2.2]). In particular, 
for Ill-factors not a single computation of a positive degree L^-Betti is known, 
and furthermore this seems out of reach at the moment. It is therefore natural to 
consider variations of the definitions above that take into account the topological 
nature of M, and in |Tho08j Thom suggests to consider a first cohomology group 
consisting of (equivalence classes of) those derivations 6:A that are closable 

from the norm topology to the measure topology. Note that when A is norm closed 
these are exactly the derivations that are norm-measure topology continuous. We 
denote the space of closable derivations by Dei c{A,^), the continuous cohomology 
by H^{A,^) and by ri^^\M,T) the corresponding continuous i^-Bctti numbers; 
i.e. 

These continuous i^-Bctti numbers are much more manageable than their alge- 
braic counterparts — for instance they are known }Tho08[ Theorem 6.4] to vanish 
for von Neumann algebras that are non-prime and for those that contain a diffuse 
Cartan subalgebra. 
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Finally, let us fix a bit of notation. For the rest of this paper, we consider a finite 
von Neumann algebra M with separable predual. We endow M with a fixed faithful, 
normal, tracial state r and consider M in the GNS representation on the Hilbert 
space % = LP' (M, r) . The trace r induces a faithful, normal, tracial state t (g) r on 
the von Neumann algebraic tensor product M(g)M°P of M with its opposite algebra; 
abusing notation slightly, we will still denote it by r. We will always consider the 
GNS representation of M®M°p on L'^{M®M°'p ,t) and let ^ be the algebra of 
closed, densely defined, unbounded operators affiliated with M®M°p. Finally, we 
will use the symbol "(E)" to denote tensor products of von Neumann algebras and 
"0" to denote algebraic tensor products, and, unless explicitly stated otherwise, all 
subalgebras in M are implicitly assumed to contain the unit of M . 

3. Strong continuity of derivations into affiliated operators 

In this section we prove that a derivation which is continuous for the norm 
topology is automatically continuous for the strong operator topology as well. In- 
tuitively, this statement is based on the fact that strong convergence is "almost 
uniform" , which is known as the non-commutative Egorov theorem, cf. [Tak02[ 
Theorem II. 4. 13]. The precise statement is as follows. 

Theorem 3.1. 

i) Let A C M be a weakly dense C* -algebra and let 5:A^'^ be a norm- 
measure topology continuous derivation. Then S has a unique continuation 
to M. 

ii) Let 5: M ^ be a norm-measure topology continuous derivation. Then 5 
is also continuous from the strong operator topology to the measure topology. 

Proof. By Kaplansky's density theorem, the unit ball {A)i is strongly dense in 
and for a G we may therefore choose a sequence^ a„ £ {A)i with 

On — > a. Let us first prove that S{a„) is Cauchy in measure. So we fix an £ > 
and want to find an Nq such that (S(a„) — d{am) G N{e,e) for min{m,n} > A^o- 
We first make use of the norm-measure topology continuity oi S: A ^ ^ to find a 
7 > such that ||a|| ^ 7 implies that S{a) G A^(e/3, e/3). Consider now N x N with 
the ordering 

(m, n) ^ (to', n') iff to ^ m' and n ^ n , 
and the net of self-adjoint elements := (a,„ ~ an)*{am — On)- Then for 

every ^ G 3i we have „)^|| ^ 2 ||(a„i — an)^\\ and hence b{^n jn) ~^ 0- Let now 
/: M [0, 1] be a continuous function with f{x) = 1 for x ^ 7^/4 and f{x) = for 
X ^ and consider the net hi^rn,n) '■— /(&(m.n))- It follows that ^ 1 and 

72 

— (1 - /l(„i,„)) ^ &(m,n)- 

Since the C*-algebra generated by 6(„i „) is commutative and both 6(„ „) and 1 — 
h(m,n) are positive this implies 

(1 - /i(„i,„))*(l - ft.(m,n)) S% ^ b*(rn,n)^{rn,n), 

and thus 

l|l - /i(m,n)l|2 ^ :^||6(,„,„)||2 0. 

2 

Hence 1 — /i(m,n) ~^ 0, and the convergence therefore holds in measure as well. Also 
note that 1 1 &(m,n) ^(m.n) || ^ 7^ and hence 

^As the predual M, is assumed separable, (Af)i is a separable and metrizable space for the 
strong operator topology, and we can therefore do with sequences rather than nets. 
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(3-1) II (a,„ - a„)/i(,„_„) II ^ 7. 

We now use the derivation property to obtain: 

6{am) - (5(a„) = S{{a,n - a„)/i(„i_„)) + (5((a,„ - a„)(l - /i(,„,„))) 

= (5((a,„ - a„)'i(m,n)) + (1 (1 - ft-(m,n))°^)'5(a,„ - a„) - 
-((a™ - a„) (g) l°P)(5(/i(„,„)). 

By p.ip and the choice of 7, the first sunimand is in iV(e/3,£/3) . Let us now 
consider the second summand. The norm-measure topology boundedness of S on 
A implies jRud73l Thm. 1.32] that the set 

{S{am ~ a„) \n,m £N} 

is bounded in . Hence it follows from the fact that 1 — /i(r,i,n) — > together with 
the uniform continuity of multiplication on bounded sets of that there exists 
an A^i such that (1 (g) (1 — /i(,„,,i))°P)(5(am — a„) G N{e/3,e/3) for min{TO,ri,} > 
A^i. Lastly we consider the third term. Again by norm-boundedness of 5, the set 
{S{h(^,n n))}n,meN IS bounded in ^ . As a„ is strongly convergent it also converges in 
2-norm; hence a„ (8) 1 converges in 2-norm and is, in particular, a Cauchy sequence 
for the measure topology. Thus, there exists an N2 such that 

((a„ - an) l°P)5(/i(™,„)) e A^(e/3,e/3) 

for min{n, m} > N2. Taking Nq = max{A^i, Af2} establishes that (5(a„) is a Cauchy 
sequence in the measure topology. Appealing to the completeness of , we may 
now define 6{a) := lim„ (5(a„); it is routine to check that this yields a well-defined 
derivation S: M . 

If S: M — > is a derivation, then by repeating the above arguments for m = 00, 
a = Coo, we get strong continuity of S on bounded sets: if a„ A a and the sequence 
Qn is uniformly bounded, then i5(a„) S{a). As the strong operator topology 
is metrizable on bounded sets, this continues to hold for bounded nets instead of 
sequences. To prove strong continuity in general, we take a (possibly unbounded) 
net a\ such that a\ A 0. Define A\ := W* {a*^a;^,l). This is a commutative 
von Neumann algebra and we can therefore find a measure space {Xx,fi\) and an 
isomorphism ay. A\ — > L°°{X\) such that 

T(a) = / a\{a)d^\ for all a G A\. 
Jxx 

Now define px G Ax to be the pull-back via ax of the characteristic function corre- 
sponding to the set 

{t G Xx I a{x*xxxm ^ 1}. 

Then ||aAPAp ~ WPx^x'^xPxW ^ II'^a'^a^'aII ^ 1- Using the Chebyshev inequality, we 
furthermore get 

t(1 - pa) = f^x{{t G Xx I ax{xlx^){t) ^ 1}) / ax{a*xax)dnx = \\ax\\l ^ 0. 

Jxx 

Thus, Px is a norm bounded net that converges to 1 strongly and is bounded and, by 
what was just proven, it follows that 6{px) — > S{1) = 0. Now we use the derivation 
property of 5: 

(3.2) S{ax) = d{axpx) + (1 (1 - PxDSiax) ~ {ax 1°p)^(pa). 

First note that since strong convergence implies i^-convergence we have 
lloAPAlb = \\JpxJiax)h ^ II«a||2 0, 
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and since ||a;ypAl| ^ 1 we get a\p\ 0. Since we already know that 6 respects 
bounded strong convergence, the first summand in p.2p converges to in measure. 
The second summand converges to in measure because I — px N(0,ex) with 
e\ ~ 1 — t[p\) — > and 5{a\) G N{^x,ex) for some 7a > jTak03[ Lemma 
IX. 2. 3]. The third summand converges to in measure because S{p\) ^ and 
multiphcation is measure continuous. This finishes the proof. □ 

Remark 3.2. Bearing in mind the numerous automatic continuity results for deriva- 
tions between operator algebras (see jSS95| and references therein), it is of course 
natural to ask if norm continuity of a derivation S: M ^ ^ is also automatic. 
We were not able to prove this, and it seems to be a difficult question to answer. 
One reason being the absence of examples of finite von Neumann algebras (or C*- 
algebras, for that matter) for which a non-inner derivation into the algebra is 
known to exist. Moreover, the fact that we are considering the operators affili- 
ated with M(X)M°P (as opposed to M itself) has to play a role if automatic norm 
continuity is to be proven, as there are examples of derivations from M into the 
operators affiliated with M which are not norm-measure topology bounded. This 
follows from [BCS06| where the authors exhibit a (commutative) finite von Neu- 
mann algebra M for which there exists a derivation S: ^ [M) ^ (AI) which is not 
measure-measure continuous. If the restriction d\M were norm-measure continuous, 
then it is not difficult to see that the graph of the original derivation 6 is closed (in 
the product of the measure topologies), and hence it cannot be discontinuous. If 
norm continuity turns out to be automatic, there is of course no difference between 
the ordinary and the continuous L^-Betti numbers, and one might even take the 
standpoint that if there is no such automatic continuity, then continuity has to be 
imposed in order to get a satisfactory theory. 

4. The first continuous L^-Betti number 

In this section we apply the above automatic continuity result to obtain informa- 
tion about the first continuous L^-Betti number for von Neumann algebras. Some 
of the results presented are already known, or implicit in the literature, but since 
the proofs are knew and quite simple we hope to shed new light on these results. 
The main new result in this section is Theorem 14.91 which shows that the first con- 
tinuous L^-Betti number vanishes for property (T) factors. 

Recall that if C M is an inclusion of von Neumann algebras, then the nor- 
malizcr of N in M is defined as the set of unitaries in M which normalize N: 

Ka/(7V) = {ue U{M) I u'Nu = N}. 

The following lemma appeared in |Tho08j , but we include its proof for the sake of 
completeness. 

Lemma 4.1 f |Tho08| Lemma 6.5]). Let 5: M he a derivation which vanishes 

on a diffuse subalgebra N C M and let u G J^m{N). Then S{u) ~ 0. 

Proof. Let h e N he a diffuse clement. Since S{u*) = -(u* ® u*°P)(5(ii) we get 

= S{uhu*) = (1 (g) {hu*)°P)6{u) + {uh ® l°P)(5(w*) 

= {l(g> {hu*)°P)S{u) - {uhu* ® u*°P)S{u) 

= (w (g) u*°P)(l ® /i°P - /i g) 1°p)(m* ® l)6iu). 

Since h is diffuse, 1 (g) /i°p — ft, g) 1 is not a zero divisor in ^ , and it follows that 
S{u) = 0. 

□ 
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The next lemma, which might be of independent interest, shows that if a von 
Neumann algebra only allows inner derivations into the algebra of operators affil- 
iated with its double, then the same is true for the algebra of operators affiliated 
with the double of any other von Neumann algebra containing it. 

Lemma 4.2. Let N C_ M be a sub-von Neumann algebra. Then the following 
statements are equivalent: 

i) /3f^(iV,r)=0, 

ii) every derivation S: N is inner (where is considered as an N- 
bimodule via the inclusion N C M). 

Proof. By |Lod98l 1.5.9] we have H\N,'^) = Ext]voArop(A^, ^) and by |Tho08l 
Theorem 3.5] this right ^-module is isomorphic to 

Hom^ (Torf ® ('^ , iV) , ) . 

Furthermore, by [ThoOSi Corollary 3.3] this module vanishes exactly when 

dim,,^^,opTorf0^°'(^,iV)-O. 

But since ^ 0m®m°p ~ ^^'^ M^M°p 07v®Ar=p — are both flat and dimension 
preserving (see |Rei01[ Proposition 2.1 and Theorem 3.11] and |Liic02[ Theorem 
6.29]) we get 

dim^^^.op Torfe^°''C^,iV) = dim,,,^^,„p Torf ^^^^C^ QMmi^^ MMM°^,N) 

= dim^^MoP ©A/^A/op Torf®^°'(M®M°P,iV) 
= dim^f^MoP Torf ®^°'(Af®M°P, TV) 
= dim,,,^^,op Torf 0^°'(M®M°P 0^^^op iV®iV°P,iV) 
= dim^,^^,,.p M®M°P 0jv^^„p Torf0^°'(iV®iV°P,iV) 
= dim^^^pp Torf ®^°'(iV®iV°P,iV) 

This finishes the proof. □ 

4.1. The case of diflFuse center. Using methods from free probability, Connes 
and Shlyakhtenko proved in jCS051 Corollary 3.5] that pf'\M,T) = when M 
has diffuse center, and using homological algebraic methods this was generalized 
by Thom to higher L^-Betti numbers in [ThoOSi Theorem 2.2]. In this section we 
give a short cohomological proof of this result in degree one. 



Theorem 4.3 f |CS05[ Corollary 3.5]). If A! has diffuse center then every derivation 

('2) 

5: A/ — > is norm-measure topology continuous and /3\ {M,t) is zero. 

Proof. Since the center Z{M) is diffuse we can choose an identification Z{M) = 
L°°(T) = LZ. Denote by ft- a diffuse, selfadjoint generator of Z{M). To see that 5 
is bounded, it suffices to prove that its graph is closed |Rud731 Theorem 2.15]; let 
therefore a;„ e M with — > and 5{xn) ~> Tj. Then 

= 5{[xn, h]) = {xn ® l°P)(5(ft) + (1 ® /i°P)<5(a;„) - (1 ® x°^)5{h) ~{h® 1°p)5(x„) 

^ (l®/i°P-ft® 1)77, 

and since h is diffuse (1 ® /i°P ~ h®l) is not a zero-divisor in ; hence 77 = 0. Wo 
now claim that 5 has to be inner on Z{M) = UL. If this were not the case, then, 
by Lemma 1321 there exists a non- inner derivation 5': UL {LZ^LZ). By what 
was just proven, 5' is norm-measure continuous and therefore, by Theorem l3.1[ also 
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strong-operator continuous. Because of this, the restriction of 5' to the complex 
group algebra C[Z] has to be non-inner, contradicting the fact that = /3J (Z) = 
P[^\c[Z],t) (cf. (CS051 Proposition 2.3] and |CG86l Theorem 0.2] ). Hence there 
exists ^ S such that S agree with := [•,^] on Z{M). The difference 5 — 
therefore vanishes on Z{M) and by Lemma l4. II it has to vanish on every unitary in 
M . Since the unitaries span M linearly, we conclude that 5 is globally inner. □ 

Remark 4.4. By combining Lemma |4. II and Thcorcm l4.3l with the automatic strong 
continuity from Theorem 13. 11 one may at this point easily deduce the conclusion of 
[Tho08[ Theorem 6.4]; namely that the first continuous L^-Betti number vanishes 
for non-prime von Neumann algebras as well as for von Neumann algebras admitting 
a diffuse Cartan subalgebra. 

4.2. Comparison with dense *-algebras. Everything stated in this subsection 
can also be derived from Thom's work in |Tho08| . but since the results arc not 
made explicit in the literature and follow easily from Theorem 13.11 we thought it 
worth while including them here. 

Proposition 4.5. Let A C M be a weakly dense ^-subalgebra. Then 
and if A is a C* -algebra we have tJ^^{M,t) = r][^\A,T). 

Proof. By Theorcm l3. li the map (M, ^ ) — > {A, ^ ) induced by restriction is 
injective in general and an isomorphism when A is a C*-algebra. That r\\ (A, r) ^ 
p{ (A, t) is clear, as we have a natural injection Derc(A, ) — > Der(A, ) for any 
algebra A. □ 

To illustrate the usefulness of the above result, we record the following corollary. 

Corollary 4.6. 

i) If T is a discrete countable group with j3[^\T) = then also r]^\LT, r) = 0. 
In particular, the first continuous L^-Betti number of the hyperfinite factor 
R vanishes. 

ii) For the von Neumann algebra L°°{0^) associated with the free orthogonal 
quantum group we have rj^'' {L°°{0^),t) = 0. 

Proof By [CSOSl Proposition 2.3], ^^'(r) = Pi\cT,t) and the first claim there- 
fore follows from Proposition 14.51 The statement about the hyperfinite factor fol- 
lows from this by realizing R as the group von Neumann algebra of an amenable 
i.c.c. group. Denoting by Pol(0+) the canonical dense Hopf *-algebra in L°°(0+), 
it is known that /3f ^ (Pol(0+), t) ^ (see |Kye08| for the case n 2 and |Ver09| 
for the case n ^ 3) and hence, by Proposition 1431 77^^ (L°°(0+), r) = 0. □ 

Remark 4.7. 

1) The result about the hyperfinite factor can also be obtained directly from 
the definition of hyperfiniteness by realizing R as the von Neumann alge- 
braic direct limit of matrix algebras, for which it is also known jAKlll Ex- 
ample 6.9] that the (non-continuous) L^-Betti numbers of the corresponding 
algebraic direct limit vanishes. 

2) It is known [BV97| that when F is a discrete, countable group with property 

(2) 

(T) then (3\ '{T) = and hence also 771 (LP, r) = 0. This indicates that it is 
reasonable to expect that 771 (M,t) = for any property (T) factor M and 
we devote the next subsection to proving that this is indeed the case. 
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3) The von Neumann algebras L°°{0^) associated with the orthogonal quan- 
tum groups 0+ (see |Wan95[ IVDW96[ IBan96j for definitions) behave in 
many ways like free group von Neumann algebras: they are solid (hence 
prime) Ili-factors [VV07| with the Haagerup property jBrallj . and it is an 
open, and difficult, problem to determine if they are actually isomorphic to 
free group factors. Furthermore, it is natural to hope for a relation (perhaps 
even equality) between the L^-Bctti numbers of a group and those of its 
associated von Neumann algebra, but at the moment such a result seems 
far out of reach. Bearing this, and the fact that (3\ (F„) = n — 1, in mind 

('2') 

it is therefore interesting to know that rji (L°°(0+)) = 0. 

4.3. Factors with property (T). If F is a countable discrete group with property 
(T) it is well known that its first L^-Betti number vanishes. This observation goes 
back to the work of Gromov [Gro93| . but the first complete proof was given by 
Bekka and Valette |BV97j . Applying recent results regarding the von Neumann 
dimension |TP11[ Theorem 2.2], this can be easily deduced from the Delorme- 
Guichardet theorem (see e.g. |BdlHV08] ). which characterizes property (T) of F in 
terms of vanishing of its first cohomology groups. The notion of property (T) for 
Ill-factors was introduced by Connes and Jones in |CJ85j and in jPet09j Peterson 
proved a version of the Dclormc-Guichardet theorem in this context: 

Theorem 4.8 f |Pet09[ Theorem 0.1]). Let M he a finite factor with separable 
predual. Then the following conditions are equivalent: 

i) M has property (T); 

ii) M does not have property F and for any weakly dense *-subalgebra Mq C M 
such that 1 G Mq and Mq contains a non-T set, every densely defined L^- 
closable derivation into a Hilbert N -N -himodule whose domain contains Mq 
is inner; 

iii) there exists a weakly dense 'i'-subalgebra Mq C M which is countably gen- 
erated as a vector space and such that every densely defined L'^-closable 
derivation into a Hilbert M -M -bimodule whose domain contains Mq is in- 
ner. 

In this section we apply Peterson's result to prove the following von Neumann 
algebraic version of the classical group theoretic result mentioned above. 

Theorem 4.9. Let M be a lli-factor with separable predual. Lf M has property 
(T), then ijf\M,T) = 0. 

Proof. Since A4 has property (T), we obtain from Theorem 14. 81 a dense *-subalge- 
bra Mq C M such that M is countably generated as a vector space and such that 
any derivation from Mq into a Hilbert M-bimodule H . which is closable as an 
unbounded operator from L'^{M) to H, is inner. We first observe that 

dim^^Afop Der,(A/,'^) = dimM^^j^,{S £ Der,(M,^) | S{Mo) C A'/®M°p}. 

To see this, it suffices by Sauer's local criterion |Sau051 Theorem 2.4] to prove that 
for each continuous derivation (5: A/ — !■ ^ and each £ > there exists a projection 
p G M®M°P such that T{p-^) e and S{-)p maps Mq into M®M°p. Choose 
a countable basis (e„)^i for Mq. Since each (5(e„) is affiliated with M®M°p 
there exists a projection p„ G M®M°p such that 'r(p„) < ^ and such that 
S{en)Pn S M(g)Af°P. The projection p :— /\^Pn therefore satisfies the require- 
ments. 

Now we have to prove that any derivation 5: M ^ for which S{AIo) C M(8)M°p 
is inner. We claim that it suffices to prove that 6 is i^-closable from Mq to 
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L^(Af(X)Af°P). Indeed, if this is the case, then by Peterson's result there exists 
a vector ^ G L'^{M^M°p) such that 

(5(a) = (a ® 1)C - (1 ® a°P)C for all a G Mq. 

Considering ^ as an operator in we get that it implements S on Mq and hence 
by Theorem 13. H it implements S on all of M. 

Thus, our task is to show that d: Mq L'^{M®M°^) is L^-closable. Let Xn G Mq 

2 2 

and assume that a:„ — > and <5(a;„) — > ?]. Define An := M^*(x*a;„, 1). This is 
a commutative von Neumann algebra and we can therefore find a measure space 
(X„,/x„) and an isomorphism a„: A„ — )■ L°°(X„) such that 

r(a) = / an(a)dfin for all a G An- 

Now define p„ G An to be the pull-back via a„ of the characteristic function 
corresponding to the set 

{t&Xn\ a{x*nXnm 1}. 

Then ||a;„p„|p = ||p„x*x„p„|| ^ ||-'i;j!i-'i;„P„|| ^ 1 and using the Chebyshev inequality 
we furthermore get 

t(1 -pn) = ^in{{t G Xn \ a„(x*a;„)(i) ^ 1}) < / a„(a;* x„)(i^„ ^ W^nWl 0. 

Jx„ 

Hence p„ converges to 1 strongly and by Theorem 13.11 it follows that ^ 
(5(1) = 0. Using the derivation property we now get 

(4.1) 5{,XnPn) = (1 ® P7)5{xn) + (x„ ® l°P)(5(p„). 

2 2 

Since (5(a;„) — > ry and 1 (Sip^P — > 1 ® 1°p the convergence also holds in measure and 
hence (I ®p'^)5{xn) — > rj. Moreover, since x„ ® 1 — the convergence also holds 
in measure and as 5{pn) -—^ we have (x„ (8) l)(5(p„) ^ 0. Hence the right hand 
side of (|4.ip converges in measure to rj. Looking at the left hand side, we have 
lla^nPnll ^ 1 and that 

IknPnIb = \\JPnJiXn)\\2 ^ WXnh ^ 0. 

Hence XnPn and therefore 5{xnPn) ~^ 0. As the measure topology is Hausdorff 
we conclude that f] — 0, and hence that 6 is L^-closable. 

□ 
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